SUPPLEMENTARY NOTE 1: EXPERIMENTAL DETAILS SUPPLEMENTARY FIG. 1: Optical image of our experimental setup. A chip heater (outlined by red dashed line) and a copper heat sink are mounted on the thermal bath by varnish and silver paste, respectively. A copper film is deposited on top of the heater to reduce temperature nonuniformity. Silver paste is used to make electrical contacts. 25 µm gold wires are used for electrical leads due to their small Seebeck coefficient. A Type-E thermocouple measures the temperature difference between the hot end of sample and the thermal bath, with one joint attaching to the sample and the other attaching to the pad on the thermal bath. SUPPLEMENTARY FIG. 2: Schematics of two-point measurement (left) and four-point measurement (right) setups.
mounted such that it bridges a high temperature stage and a low temperature one.
Thermometers are attached to the stages and measure the temperature difference ΔT between the two stages, while electric contacts attached to two ends of the sample are used to measure the thermoelectric voltage V. Since there is contact thermal resistance between the sample and the stages, and hence a temperature difference, the actual ΔT is smaller than the measured one, resulting in underestimation of the thermoelectric ratio V/ΔT. So, it is important to make good thermal contacts so that the contact thermal resistance is much smaller than the thermal resistance of the sample. A four-point method mitigates this problem by attaching thermometers directly to the sample. In such a case, the thermal contacts between the sample and the stages become irrelevant. However, this four-point method works only if the thermal resistance of the thermometer connection is much higher than both that of the sample and the contact thermal resistance between thermometers and the sample. If the former condition is not met, significant heat current will be drawn through the thermometers. This heat leakage gives rise to a non-uniform temperature gradient across the sample, affecting the calculation of the Nernst effect. If the latter condition is broken, the measured ΔT is smaller than the actual one, leading to an overestimation of the thermoelectric coefficients: the so-call cold finger effect.
ZrTe5 is a van der Waals layered material. Moreover, in each layer, there are Zr-Te chains running along the a direction, while the interchain bonding is relatively weak, making it quasi-1D material. As a result, single crystals of ZrTe5 are in the shape of a whisker or thin ribbon. Due to the weak van der Waals interlayer coupling, crystals are soft and readily peeled off. These geometric and mechanical characteristics makes our thermoelectric measurements non-trivial. Furthermore, the thermal conductivity of ZrTe5 is relatively low, which, in combination with small cross-section of the sample, leads to a large thermal resistance. Consequently, it can be challenging to satisfy the condition for the four-point method. For this reason, a two-point method is preferable, especially when the sample is small [1] . As the sample is a ribbon, a large contact area between the sample and the stages, relative to the cross-section area of the sample, can be readily achieved. By further applying abundant silver paste, the contact thermal resistance can be made small. We have measured the temperature difference between one end of the sample and the thermal bath by attaching a thermocouple to that end. As shown in Supplementary Fig. 3 , the difference is less than 10% of the measured ΔT above 40 K. This is not significant in a thermoelectric measurement. However, at low temperatures, it can amount to 18%. Consequently, the low temperature thermoelectric coefficients may be appreciably larger than the measured ones.
Let us now quantitatively estimate the heat leakage through the thermometers in a fourpoint method using the dimensions of our setup. The separation between the heater and heat sink is 1.35 mm. The cross-section of sample #1, presented in the main text, has an area 0.36 mm by 0.25 mm. The thermal conductivity of ZrTe5 is about 7-20 W/m·K in the temperature range of this study, according to previous reports [2] . The thermal conductivity reported by Constantan and Chromel, which, to the best of our knowledge, is only available at temperatures down to 100 K, are 19W/m·K and 13W/m·K at 100 K, respectively [3] . The thermocouples we used have a diameter of 25 μm with a length of about 3 mm limited by the chip carrier, on which the whole setup is mounted. Neglecting the unknown contact thermal resistance of the thermocouples and using the Fourier's law JQ = -κ∇T, the heat leakage through thermocouple wires is about 0.8 -1.0% of the total heat through the sample at 100 -150 K. So, for this sample, the heat leakage is not a problem. However, for sample #2, presented in the Supplementary Information, the cross-section is only 0.25 mm by 0.04 mm, and the ratio reaches 7 -9%. is the measured temperature difference between the hot end of the sample and the thermal bath, which is used to calculate the thermoelectric coefficients, while is the measured temperature difference between the cold end of the sample and the thermal bath. Above 50 K, the error is about 5%, but it increases to 18% at low temperature. When applying a high magnetic field, the characteristics of thermometers may change. Care needs to be taken to obtain the correct ΔT. In this experiment, we used a Type-E thermocouple, which is field-independent above 20 K, although it gains some dependence below this temperature. To circumvent this issue, we adopted a strategy to make sure that ΔT is field independent so that there is no need to measure it in field. Since the heater resistance barely changes with field, as shown in Supplementary Fig. 4 , the heating power remains unchanged under a constant current. Therefore, the key of the strategy is to make sure that the thermal resistance between two stages is much smaller than that of the sample. In this case ΔT does not vary with the latter. To achieve this requirement, the heater, consisting of a meandering thin metal strip on a 500 μm thick alumina substrate, is directly mounted on the thermal bath, using silver paste or varnish. On top of the heater, a thick copper film is deposited to ensure a uniform temperature on the stage. With this design, a heating power of 2.5-8.1 mW was required to produce ΔT ~ 91 -257 mK. The heat current through the sample is estimated as 12-53 μW, using the available thermal conductivity of ZrTe5 [2] and the geometry of the sample. Apparently, only at most 1.5 % of the total heat current goes through the sample, which can have little effect on ΔT. The thermal conductance of alumina is unlikely to have any field dependence. In fact, above 20 K, where our thermocouple is field-independent, ΔT was found to be fairly constant in fields, as seen in Supplementary Fig. 5 .
SUPPLEMENTARY FIG. 5:
Field dependence of the thermoelectric signal of a thermocouple measuring the temperature difference between the heat stage and the thermal bath.
Under an applied magnetic field, the Nernst effect appears, which in this experiment is measured adiabatically. Under this condition, the Righi-Leduc effect generates a transverse temperature gradient, which in turn contributes a transverse electric field. This additional field has to be taken into account when obtaining the isothermal Nernst coefficient, which is used to calculate the thermoelectric Hall conductivity #$ in this work. The Righi-Leduc effect is usually small. When the thermal conductivity of the material is dominated by the lattice contribution, the transverse temperature gradient is negligible. Then, the adiabatic Nernst coefficient is equivalent to the isothermal one [4] . This is in fact the case in ZrTe5. The thermal conductivity of ZrTe5 single crystals is about, 7 -20 W/m•K according to previous reports [2] . Supplementary Fig. 6 shows the magnetoresistance and the Hall resistance of the sample presented in the main text. The resistivity strongly increases with field, e.g., by two to three orders of magnitude at B = 14 T. Such a large magnetoresistance is typical for Dirac semimetals [5] . At low temperatures, the Hall resistivity is rather linear below 6 T, indicating single band conduction. The linearity persists deep into the quantum limit. However, a strong deviation appears above 6 T. We believe that such a nonlinear Hall voltage in the extreme quantum limit is the result of two-carrier contributions, as expected when the Fermi level shifts towards the Dirac point with increasing magnetic field. This shifting of the Fermi level is precisely the mechanism that gives rise to the non-saturating thermopower and transverse thermoelectric conductivity plateau, which are the main focus of this work. The low-field slope of ρxy shows a sign-reversal at about 90 K, indicating the change of carrier from electron to hole, as expected by the Liftshitz transition in this material.
At temperatures that are much lower or much higher than 90 K, the Fermi level is not so close to the Dirac point and the transport is more or less one-carrier dominated at low fields. By fitting data around 90 K, the carrier densities of holes and electrons, nh and ne, are obtained.
Their difference, nh − ne, which reflects the Fermi level, is plotted in Supplementary Fig. 6e . The full results for nh, ne, µh, and µe are shown in Table 1 . The temperature dependence of the carrier density is consistent with the Lifshitz transition observed in the angle resolve photoemission spectroscopic study [6] . Overall, the mobility decreases with temperature, except for some deviation around 100 K. This is because a two-band model has to be used in this regime and increase in the number of fitting parameters leads to larger uncertainty. SUPPLEMENTARY Overall, the results are very similar to the sample ("sample #1") presented in the main text. The temperature dependence of the longitudinal electrical resistivity has a maximum at about 93 K. At 1.5 K, the sample mobility is about 370,000 cm 2 V −1 s −1 . In the field dependence of the resistivity, quantum oscillations are well developed at low magnetic fields. The quantum limit is reached above 2 T, slightly higher than for the sample in the main text, suggesting a slightly larger value of the electron concentration at B=0. ρxy is linearly dependent on B below the quantum limit at low temperatures, while it becomes nonlinear around the temperature of the resistivity maximum. These features are consistent with the Liftshiz transition discussed in the main text. One can notice that the magnetoresistance effect is somewhat weaker in sample #2
as compared to sample #1, particularly at high fields ~ 10 T. In our samples, one of the primary drivers of magnetoresistance at such high fields is the variation in carrier concentration with field arising from the Lifshitz transition. In sample #2 achieving a large variation seems to require a relatively higher value of magnetic field as compared to sample #1, which is consistent with the sample #2's larger electron concentration at B = 0. Supplementary Fig. 12 shows the thermoelectric coefficients, Sxx and Sxy. The results in the main text are reproduced in this sample. Both coefficients exhibit a mostly linear increase in the quantum limit, with Sxy becoming as large as 1900 µV/K. Supplementary Fig. 13 shows the transverse thermoelectric conductivity. The value of αxy/T at different temperatures converges to a plateau value in the range 0.02 -0.03 A/K 2 ·m at high magnetic field. Although this value is higher than the one in the main text, it is still in reasonably good agreement with the theory.
The difference between samples may be explained by variation of the Fermi velocity among samples due to high sensitivity of the band structure on the lattice constant, or by slight differences in alignment with the magnetic field (note that ZrTe5 has a strongly anisotropic Fermi velocity). We reiterate that the variation of the band structure of ZrTe5 is manifested in many experiments with various techniques [7] , with three different topological phases being reported.
Thinning the thickness of a crystal down to 180 nm can increase the band gap from zero to 10 meV, even though no quantum confinement is expected at this thickness [8] . The peak in the temperature dependence of the resistivity, one of the characteristic features of ZrTe5, can vary from 0 to 140 K. Therefore, it is not surprising that the Fermi velocity may vary from sample to sample. Additionally, the apparent deviation from the universal plateau value at low temperatures may be related to the presence of a small band gap, as we discuss theoretically in Sec. VI.
SUPPLEMENTARY NOTE 5: DISCUSSION OF POSSIBLE PHONON DRAG EFFECTS
The expression for #$ presented in the main text, Eq. (1), is derived under the assumption that there is no significant phonon contribution to the thermoelectric conductivity. Here we discuss the possible role of phonons. In particular, we discuss whether phonon drag effects may be responsible for the slight upturn in #$ that is suggested by Fig. 3a and Supplementary Fig. 11b with increasing field at the lowest temperatures.
While phonon modes are typically electroneutral, and have no direct coupling to magnetic field, they may still contribute to #$ through the phonon drag effect: when an electric current is present, electron-phonon scattering processes give the phonon system a net drift velocity. Thus, an electron heat current may be accompanied by a collinear phonon heat current. Such a phonon current would tend to increase the thermoelectric conductivity.
One can make an upper-bound estimate for the effect of phonon drag by assuming that the phonon drift velocity is identical to the electron drift velocity. This strongest-case scenario corresponds to the limit of strong electron-phonon scattering and weak phonon-phonon or phonon-impurity scattering. [9] As explained in the main text, the heat current at large magnetic field is directly proportional to the entropy density. Thus, in this same limit the contribution of phonon drag effects to #$ is directly proportional to the phonon entropy. In the limit of low temperature the phonon entropy is dominated by acoustic phonons, which have an entropy per unit volume, where G is the speed of sound, I is the unit cell volume, and K is the Debye temperature. As discussed in the main text, the electron entropy in the EQL is of order u gives a numerical value as large as several tenths within the EQL, it predicts a temperature and field dependence that is inconsistent with our observations. In particular, Supplementary Eq. (5-3) suggests that the contribution of phonon drag is larger at higher temperatures and at lower fields. On the other hand, the slight deviation from the plateau value of #$ becomes more pronounced in the opposite limit of lower temperatures and at higher fields. Thus, we find it more likely that the slight deviation in #$ from the plateau value is associated with the presence of a very small gap.
We discuss this possibility and its consequences in the following section.
SUPPLEMENTARY NOTE 6: THEORETICAL CALCULATION OF αxy FOR THE CASE OF A MASSIVE DIRAC DISPERSION
In this section we present a theoretical calculation of the thermoelectric Hall conductivity αxy for the case of a massive Dirac dispersion. This analysis is a straightforward generalization of the results obtained in Ref. [11] to the case of a finite band gap.
The energy of a massive Dirac particle in a magnetic field is given by the expression where 2∆ is the band gap, vF is the Fermi velocity in the magnetic field direction z, and v⊥ is the velocity in plane perpendicular to the field direction (more carefully, it is the geometric mean of vx and vy). The density of states is then given by where Nf is the number of Dirac nodes (each of the nodes is double degenerate).
The thermoelectric Hall conductivity is determined by the expression [11] (6-3)
where µ is the chemical potential, and T is the temperature. The notation is used to mean that there is an extra factor 1/2 multiplying the n = 0 term of the sum, and ε0(kz) should be understood as in the above expression. The entropy per electron state is given by where nF(ε) = [1 + exp(ε/kBT)] −1 is the Fermi-Dirac distribution.
Finally, the chemical potential µ should be determined self-consistently from the equation where n0 is net electron concentration.
The equations in this section fully determine the thermoelectric Hall conductivity αxy as a function of magnetic field B, temperature T, and electron concentration n0. An example of the solution is shown in Supplementary Fig. 14. Note, in particular, that at temperatures much smaller than the band gap and at sufficiently high magnetic fields, the electron dispersion near the Fermi level is essentially that of Schrodinger particles, which do not exhibit a quantized plateau [11] .
SUPPLEMENTARY FIG. 14: An example calculation of αxy as a function of B for different temperatures T. This result is obtained as a solution of Supplementary Eqs. (6-1) through with n0 = 5 × 10 16 cm −3 , Nf = 1, vF = 3 × 10 4 m/s, v⊥ = 6vF, and ∆/kB = 30K. The red dashed line indicates the position of the plateau for the same parameter values when ∆ = 0, i.e., αxy plateau = TekB 2 Nf/6vFħ 2 .
